Graphing Quadratic Functions

A. THE STANDARD PARABOLA

The graph of a quadratic function is called aparabola. The most basic graphis of the function
y = x2, asshownin Figure 1, and it is to this graph which all other parabolas will be compared. I'll refer

to it asthe standard parabola or the standard graph.

The standard parabolais, at first, built by plotting points, choosing afew values of x (the independent
variable) and finding the corresponding value of y accordingly. Usually, finding seven pointsis sufficient
to give us a good sense of the shape of the graph: the lowest (or highest) point—called the vertex, three
points to the right of the vertex and three points to the | eft, though

not necessarily in that order.
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The standard graph of y = x2 has several features common
to al parabolas, but these features are more recognizable
because of the location of the graph, “centered,” asit s, at the
origin. Some features of this graph are

1. itsvertexisat theorigin;

2. itissymmetric about aline, called the axis of symmetry; in
the standard parabola, the y-axisis the axis of symmetry;

3. thereare easily recognizable symmetric pairs.
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Symmetric Pairs.  Inthe case of the standard parabola, the symmetric pairsshown are -3and 3;
-2 and 2; and -1 and 1. Other symmetric pairs— not shown — include, for

1 1
example, -5 and 5 , but wewill restrict most of the discussion to integers,

wherever possible. We can also say that - 3 isthe symmetric partner of + 3.
Finaly, the line segment drawn between any two symmetric pairsis
perpendicular to the axis of symmetry, and the axis of symmetry bisects that
line segment.

In y = x2, Oisthe only integer which has no symmetric partner, and it isthis vaue that is the x-
coordinate of the vertex. Furthermore, this x-value—being the only point without a symmetric
partner—indicates the location of the axis of symmetry, x = 0.

Once we identify the vertex (and axis of symmetry), we can then identify three points on the left (or
right) side of the axis of symmetry and find the corresponding symmetric partners to the known points.

B. THE VERTICAL SHIFT

Of course, there are many other parabolas, each “starting” at its own vertex. We can generate other
parabolas smply by moving the vertex to anew location. Doing so may result in anew axis of symmetry
and anew set of symmetric pairs.

Hereisthegraphof y = x2+ 1. Notice that the symmetric pairs occur at the same x-val ues as the
standard parabola, but the y-values have each increased by 1.
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The sameistrue for thegraph of y = x2 —3 except that the y-values have al decreased by 3
(compared to the standard parabola).
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We say that thegraphsof y = x2—3 and y = x2+ 1 result in avertical shift of 3 downward or 1
upward, respectively, from the standard graph. Notice that the constant is outside of the squared term.

C. THE HORIZONTAL SHIFT

How can we affect a change—or shift—in the symmetry of the x-values? In other words, what needs to
be different in the function in order to affect ahorizontal shift of the graph, either to theright or to the left?
The change needs to come from within the square, from the argument of the square.

For example, in y = (x—3)2 we must apply “minus 3” to the x-val ue before we square to find the
corresponding y-value. This means that we' re going to have a different x-va ue without a symmetric
partner. To find this new x-value—which leads directly to the location of the vertex and the axis of
symmetry—we need to smply find where that argument is equal to O:

Xx—3 =0 when x = 3.

X = 3 becomes the x-value that has no symmetric partner. This meansthat the vertex will be located at x
= 3, and the axis of symmetry isthe vertica line x = 3. Having the vertex at a new location does, indeed,
yield anew set of symmetric partners. Instead of being centered around 0, they are centered around 3.

Also, because of the symmetry, we need not do all of the work to find seven points on the parabola (as

we did previoudly). We can find the vertex point and then three pointsto itsimmediate right. By
symmetry, we can then find the coordinates of their symmetric partners.
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D. SHIFTING THE GRAPH IN TWO DIRECTIONS

So far, each of the parabolas shown graphed has had its vertex on either the y-axis or the x-axis. Itis,
of course, possible to have aparabolathat has a vertex in one of the quadrants. This meansthat the
function will have one constant added (or subtracted) within the argument — for a horizonta shift — and
another constant added (or subtracted) outside of the squared term — for a vertical shift.

A gquadratic function that has a graph with both avertical shift and a horizontal shift can look likethis:

y=(x-h2+k

In trying to determine the location of the vertex, werely on the order of operations to indicate where we

should begin.
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(1) first, within the parentheses, we find the x-value of the vertex by setting the argument of the
sguare equal to O:
x—h=20
X = h;
(2) second, we find itsy-coordinate by replacing x with h:
y=(h-h2+Kk
y= 02 +k
y =k
So, the vertex isthe point (h, k).

E. TWO DIFFERENT FORMS OF THE QUADRATIC FUNCTION

To this point, we have seen two forms of a quadratic function:

(i) Standard form: y = x2+bx+c, whichisasowrittenas y = ax2+ bx + ¢, a= 0*;

(i) Vertex form: y = (x—h)2 +k; the vertex is (h, k) and the axis of symmetry is x = h;
vertex form can also be writtenas y = a(x—h)2 + k, a= 0*.

* Throughout the rest of this paper, it will be assumed that a = 0.

F. FINDING THE ZEROS, THE AXIS OF SYMMETRY AND THE VERTEX

The zer os of the parabola are the values of x that make y equal to 0. They are, in other words, the x-
intercepts of the graph of the parabola.

For example, we can find the zerosof y = x2 — 8x + 12 by

0

setting the quadratic expression equal to O: X2 — 8x + 12

Factor: x-6x-2 =0

X—-—6=0o0o x-2=0
X =6 or X =2

giving ustwo pointson the parabola, (6,0) and (2, 0).
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Once we have the zeros, we have a symmetric pair of points, and the axis of symmetry must be
equidistant from each. The axis of symmetry isfound as the average (mean) of the two zeros found:

6+2

Axisof Symmetry: x =—>%— =4 y

And once we have the axis of symmetry we can find the vertex:

Ya = (492 - 8(4) + 12

Thevertexis (4, - 4).
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Finding the zeros of aquadratic function that is not factorable,
however, requires that we employ one of afew different techniques, possibly completing the square or
applying the quadratic formula.

For example, thetrinomia in

y=x2—-4x -3

is not factorable (with integer constants). It can L —

be shown to be equivalent to

y=(x-22-17,

and we can see from the graph that the zeros are

not integers:
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Likewise, thetrinomialin y = x2 — 2x + 3 isnot
factorable, and it turns out, has no zeros (x-intercepts) at al.
This quadratic functionisequivaentto y = (x — 1)2 + 2,
and as shown in the graph, it doesn’t intercept the x-axis
anywhere.
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G. FINDING OTHER POINTS OF THE PARABOLA

When finding the zeros of the function we look at where the graph crosses the x-axis. This could also
be stated as where the graph crosses the horizontal line y = 0.

We may, at other times, be interested in finding, for example, where the parabola crosses the horizontal
line y = 3. That would be the same as asking, “What value of x will make the function equal to 37’

For example, inthefunction y=x2+ 4x + 6, at what values of x does the graph cross the

liney = 3?
That meansthat we are to replace y with 3 and get 3= X2+4x+6
and we can set it to 0 and factor: 0= x2+4x+3

0

(x+3)(x+1)

X=-3 or x=-1

Instead of writing these as solutions to an equation we can say that
“The parabolawill crosstheliney = 3 at x=-3 andat x=-1."

This aso meansthat we know two points on the parabola, namely (-3, 3) and (-1, 3), and these two
points are a symmetric pair.

The axis of symmetry can again be found, \ _ y
-3+ (-1 :
Axis of Symmetry: x = % =-2 5 11
\[ ] /
leading usto the vertex: \ ] ]
|\
Ve = (22 + 4(-2) + 6 : 5
=4+ (-8 + 6 \ /
- 2
Thevertexis (-2, 2). (-|2, |2)
B X
Figure9 -
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Choosing a congtant at random, though, will not always lead to afactorable polynomial. If, however, in

y = ax2 + bx + ¢ wechooseto find the ¢'s (where the graph crosses theliney = c, thetrinomia’s
constant term), we'll be guaranteed to find afactorable binomial..

For example, inthefunction y = x2 + 4x + 6, let’sfind, instead, where the graph crosses
the horizontal line y = 6.

X2 + 4x +6 = 6
X2 +4x = 0
X(x+4) = 0
Xx=0 o x=-4
So, the parabolawill crosstheline y = 6 at x=0 andat x=-4. Thismeansthat we

know two points on the parabola: (0, 6) and (-4, 6), asymmetric pair. Additionally, one
of these points, (0, 6), isthe y-intercept.

Of course, this symmetric pair leads to the same axis of symmetry as the symmetric pair of
(-3,3) and (-1, 3).

0+ (-4
Axisof Symmetry: x = é ) = -2 andthevertexis (- 2, 2). (seeFigure9)

Example: Consider the quadratic function y = x2+2x+5

(@ find where graph crossesthe horizontal line y = 5; (b) usethose valuesto find
the axis of symmetry; and (c) use the axis of symmetry to find the vertex

@ X2+2x+5 = 5 (b) Theaxisof symmetry isahorizonta line
that is the midpoint between the two zeros:
X2+2x =0
-2+0 -2
xx+2) = 0 A = > :7:_1

Xx=0or x=-2

So, the axis of symmetryis x = - 1.

c¢) Tofindthe vertex we can use - 1 asareplacement value for x in the original function:
Yoy = (()2+2(-1)+5=1-2+5=4

So, thevertex isat the point (- 1, 4).
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Finding the ¢’sis more reliable than finding the zeros because not every quadratic function has real
Zeros, not every parabola has x-intercepts. However, every parabola does have a y-intercept and, except
when the y-axisisthe axis of symmetry, the y-intercept has a symmetric partner. Those two points can
always be found by setting the function equal to c.

For the quadratic function y = ax2 + bx + ¢, where b = 0, we can develop agenera formulafor the
axis of symmetry by finding whereit crosses the horizonta line y = c¢. (If b =0, then they-axisisthe
axis of symmetry.)

a ax2+bx+c = ¢
ax2+bx = 0
X(ax+b) = 0

-b .
x=0 o x=73 These are symmetric partners.

b) Theaxisof symmetry isahorizonta line that isthe average of any two symmetric
partners:

_ _a _:b
A= "7 =7 =7

-b
S0, the axis of symmetry is x = 57 .

-b
c) Tofindthevertex wecanuse 55 asareplacement valuefor xinthe original

function:
-b)2 -b
y = a z + b- Z +C

b2 b2
Y= 4 ~2a *C

, . b2 22 dac
With common denominators: Y= 23 -~ Za *t 44

b2 —2b2 + 4ac
Y= " "4da
-b2 + 4ac
y = 4a
. _ (-b -b2+4ac)
So, thevertex isat thepoint \ 53, — 23—
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H. ANOTHER WAY TO DEVELOP THE QUADRATIC FORMULA

Y ou have just seen ageneral form of the vertex of the quadratic function y = ax2 + bx + c; itis

(-b -b2+4ac)
2a:~ 4da /- (1)
Using this point, we can rewrite the same function into its vertex form:
( b) 2 —b2+4ac
= al x-77 2
N b )2 -b2+4ac
Thissmplifiesto: = al X +753 3
( b)z - (b2 — 4ac) 4ac)
= al x+73 4
b )2
= a(x+z) ()

At this point, we can find the zeros of the function by letting the right side equal 0. Thisisthe same as
letting the standard form equal O:

0, ax2+bx+c =0 (6)

. b2 b2

isthe same as a\x+353) -~ =0 (7
_ b2 b2-4ac

Add the constant to each side: al X+ 755 = 72 (8

1

Multiply each sideby 3 : X+55 = T2 9
_ b2 b2 —4ac

Take the square root of each side: X+ 353 = 12 (10)
\/—2 b b2 — 4ac

ag? = |ag | X+ 25| = 12 (11)
b \/ b2 —4ac

If |arg| = p then arg = +p: X + 55 :iT (12)

a
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b b \/ b2 —4ac
Add -35 toeachside: X = -53 &~ 53 (13)
-bxy b2—4ac
Simplify theright side: X = ) (14

This development of the Quadratic Formulawas done without once having to complete the square.

(Of course, it doesn’t matter how you devel op the quadratic formula, it’ s still the same formula.)

2C
Exercise:  Show that, if ax2+bx+c = 0,then x =
~b+ b2-4ac

If we use this form of the quadratic formula, are there any restrictionson a, b or c?
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