Section 1.8 The Definitions of Algebra

Contents: DEFINITIONS OF ALGEBRA VARIABLES TRANSLATING

THE MAIN OPERATION ANSWERS FOCUSEXERCISES

INTRODUCTION

Algebraisall aboutsymbols and abbreviations usng them and manipuating them. Infact, we use
symbolsfor thesix basic opaations

Sum: addition (+) asin thesumof 3and?. Notice that the four basic
Difference: subtraction (B) asin thedifference of 9 and2. operations all include the
Product: multiplication () asin_theprodud of 4 and®6. word and in their written
Quotient: division (O asin thequdient of 20 and5. form, but power and
Power : the exponent asin thefourth power of 3. squareroot do not.
Squareroot: theradical asin thesguaeroot of 64.

The Greek mathematician Diophatuswas oneof thefirst to use symbols to abbreviate
mathematical expressionsand thought Thoughhis symbols were different fromwha we use today, he
is credited with taking the discussion of mathematics and problem solving from sentence form into
symbolic form. Could you imagine having to discuss everyday mathematics withoutthe use of a plus
signor atimessign?

L etting symbols represent mathematical ideas allows usto abbreviate thos ideas. A mathematical
sentence written in words (English, not Greek) can be more easily undestoodif it iswritten
symbolically, aslongas you know wha the symbols mean.

For example, the simple English expression Qhesum of ten and sixO can be easily abbreviated as
the numerical expresson 10+6 .

Example 1: Abbreviate each expression with familiar symbols:
Expression Abbreviation

a) Thesumof twelve and eight 12+ 8

b) Theprodud of five and nine 5a9

c¢) Thedifference of eight and three: 8D3

d) Thequoient of fourteen and two: 1402

€) Thesixth power of five: 56

f)  Thesquaerootof 16: \ 16
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Exercise 1: Abbreviate each expression with familiar symbols. You donotneed to evaluae

these.
a) Theprodud of seven and nineteen. b) Thedifference of twenty and eleven.
c¢) Thefourth power of six. d) Thequotent of fifteen andthree.
€) Thesumof eightandtwelve. f)  Thesquaerootof nine

Example 2: Write each abbreviationin English. Note tha thefour basic opeaationsall require the
word andin thar trandation, but power and square root do not
Abbreviation Expression
a 7+ 19: Thesumof 7and 19.
by 24 0 3: Thequotent of 24 and 3.
c) 8alz: Theprodud of 8and 12.
d 15b6: Thedifference of 15and 6.
e 38 The eighth power of 3.
fy 36: Thesguaeroot of 36.
Exercise 2: Write each abbreviationin English.

a) 2406 b) 25b9

C) 57 d) 3416

e) 14 + 20 f)y 49
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We aso use symbols to represent abbreviationsand unknown numbe's. Some of these abbreviations
are

1. multiplication: an abbreviation for repeated addition

forexample, 385 =5+ 5+ 5 =15

2. theexponent: an abbreviation for repeated factors

forexample, 25 = 242424242 = 32
3. theradical: an abbreviation for thesguae root
forexample, V49 = 7

Think about it: Thefourbasic opeaationsall require theword andin ther trandation, but power
and square rootdonot Why istha?

Answer:  Thefour basic operations all require two numbers on which to operate, whereas both power and square root operate on
just one number.

Back to Top
SOME DEFINITIONSOF ALGEBRA

A variableisaletter tha represents anumber. Sometimes we know wha number thevariable
represents, butusualy we don®know. Theword QrariableO means vary -able,O or Gbleto vary,0
Gble to changeO

In paticular, avariable is able to changeits valuedepending on the situation. Sometimes, for
example, theletter w might have thevalue5 and another time it might have thevaue7.

A variable, like an opeaation sign andtheradical, is aso a symbol tha is apart of the pieces that
make up algebra. Thisleadsusto theddinition of an algebraic expression.

An algebraic expressionis, at its greatest, a series of numbers and letters
connected by the opeaationsand grouping symbols with which we are mog
familiar.

At itssimplest, an algebraic expression can bejugd asingle variable, such asy, or
even asingle number, such as 3.

Technically, algebraic expressionstha indudeonly numbers and opeaationsN butno variablesN are
called nunerical expressons
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Here are some examples of algebraic expressions:

) 5 [ X 28x28&y + 4w
w+8 5& + 6ay 3ay bz 1D5&

In agebraic expressons when usng variables, we have adighty ssimpler way to represent
multiplication. If thereisno other opeation between a number and avariable, or between two variables,
then theopeationis (automatically) assumed to be multiplication.

For example, 5&x can bewritten asjust 5x. This can aso bewritten as 5(x).
Likewise, Xy means X & This can also bewritten as (x)(y).
and 64xdy?2 can beabbreviated as 6xy2.  This can also bewritten as 6(x)(y)2.

Of courseg, if we wish to represent the produd between two nunbe's, then we mug clearly showthe
multiplication. For example, 583 = 15 should never bewritten as 53. (53is, of course, fifty-three,
and should not betreated as a produd.) It could, though,bewritten as (5)(3) = 15.

In an algebraic expression, nubers are called constants because their valuedoesn®ever change
For example, in theexpression x + 3, xisavariable and 3 isacondant.

We do, however, have a special name for the nunbers tha multiply variables: they are called

codficients. A coefficient isanunber tha isamultiplier of avariable. For example, in 7x, 7 isthe
coefficient of x.

Asyou know, thecommutative propety of multiplication allows usto write a produd in a different
order. For example, 54y can also bewritten as y 5. Thoughwe might write 54y asjug 5y, it®
unusid to write y &5 asyb. Inothe words when writing the produd of a number (coeficient) anda
variable, we always write the codficient first.

Back to Top

VARIABLESAS NUMBERS

All variables represent nunbers, and tha@all. Sometimes we know wha nurber avariable
represents, and sometimes we don®© When we are given thenunmerical value of avariable, that number

iscalled areplacement value. Tha® because we replace the variable with the nuber (thevalue).
We can also say tha we substitute thevaluefor the variable.

If thereplacement valueis anegéaive number, then we should use parentheses aroundthe
replacement value
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Example 3: Subgitute the variable with thereplacement valuegiven, then evaluae theresult.
a w+5 replace w with 8: 8+5=13
b) 7y replace y with 4: 78 =28
c) 120x replace x with - 3: 120(-3) =-4
d 9bp replace p with - 2: 9Db(-2) =9+ 2 =11
e c? replace ¢ with - 5: (-52= (-5)(-5) = +25
Exercise 3: Subgitute the variable with thereplacement value given, then evaluae theresult.
a 6 +y replacey with15: b) -8bw replace w with - 6:
c) 3x replace x with 12: d) n O4 replace n with - 32:
e v2 replace v with - 7:

1t@ also possible to replace, or subditute, a variable with more than onevalue butthe each new
vauemud betreated sepaately. For example, intheexpresson 2W + 2L, we see two variables, W
and L. They can each have thar own replacement valug, and they don®need to bethe same. For
example, intheexpresson 2W + 2L, W could be 5 and L could be 8.

Example 4: Subgitute the variables with the replacement values given, then evaluate the result.

a w+y Replace w with 8 and y with 9: 8+9=17

b) 2xy Replace x with 5 and y with -6: 2&4-6) = - 60

(Remember, 2xy means2é&x&y.)

¢ a2bc Replace a with 3 and ¢ with -7: 3D (-7)=9+7=16

d 2W + 2L Replace W with 5 and L with 8: 286 +28=10+16=26

=
+
N

, , 8+2 10
Replace p with 8 and q with 15: {503 =75 =2

\©)
o
O
w
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Exercise 4: Subgitute the variables with the replacement values given, then evaluate the result.

a xbp replace x with -6 and p with 7:
b) 2wc replace w with -5 and ¢ with 19:
0 3 ad replace h with 12 and b with 9:

d) (r+n)? replace r with 2 and n with 6:

+4
€ 3k replace y with 26 and k with - 2:

<

fy by replace ¢ with 2 and y with - 10:

Sometimes avariable, say w, will appear in more than part of an expression. When this hgppens,
thereplacement valuefor w will bethe same for each occurrence of w.

For example, intheexpresson 3aw + 200w, weseetwo w@. If thereplacement valuefor w
is4, then each w hasthevalueof 4. Itisnotpossibleforone w to be4 andtheothe w to be say, 7.
If youwant thevariablesto have two different values at the same time, then you the expressionreally
needsto have two different variables.

Example5: Subgitute the variable with thereplacement valuegiven, then evaluae theresult.

a 2w +200w  replace w with 4: 284 + 2004 = 8 + 5 = 13

b) x2+ 3x D7 replace x with -5: (-5)2 + 34-5) D7 =25+ (-15 D7 = 3

Cc) 4x+xy replace x with 3 and y with -2: 483+34-2)=12+(-6) = 6
Exerciseb: Subgitute the variable with thereplacement valuegiven, then evaluae theresult.
a 3x + 7x replace x with 5: b) y2 + 5y replace y with - 6:
c) w& + 5w replace w with -4 and v with 9:
d P+ Pr replace P with 100 and r with .06:
Back to Top
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TRANSLATING BETWEEN ENGLISH AND ALGEBRA

As has been stated, variables represent numbers, especially numbers whose values we do notyet know.
For example, if we need to represent the sum of a nunbe and 5, we can writethisas x + 5. We
recognize x + 5 asasum, andwe have usd the x to represent a nunber.

Why would we need to consder writing expressonssuch as x + 5? A simple exampleis presented
here. It may notbevery exciting, but it shows theuse of algebrain somewha real terms:

Scott jud turned 25 when his daughter Jennifer was bom. In fact, Jennifer was bom on S~cott(§
25th birthday. As Jennifer grew older, she began to undestand how to calculate her dad@ age
Sheredlized tha Dad@ age (shedidn®call him CscottQ was the sum of her ageand 25.

To think abouthowold her dad mightbeat various stagesin her life, Jennifer represented her
own ageas J andwas able to write an expressionfor her dad@ageas J + 25. Then she
thought

QWhen 1@n 18 and graduae from high school, Dad will be 18 + 25 = 43; when |&n 22 and
graduate from college, Dad will be 22 + 25 = 47; when 1®n 30 and start afamily of my
own, Dad will be 30 + 25 = 55,0 agoodageto beagrandpa

In generd, if we need to express an unknown number, then we can use any variable we chooe. My
favorite variableis x, and| useit for mog of theunknown numberstha | encounter. Sometimes
students ask me to figure out wha score they need to get onthefind exam inordertogetan A or aB in
theclass. Theeisaformulatha | showthem anduse x asthdr unknown find exam score. They can
then solve theformula (as youd beable to doin Chapter 2) and know what score they need get to meet
thar gods.

Example 6: Trandate each English expressioninto an Algebraic expression. Use any variable of
your liking to represent the unknown number (1Al use x).

a Thesumof anunmbe and 18: X+ 18

b) Thedifference of anumbe and 3: xD3

¢) Thedifference of 17 and anunbe: 17Dx

d) Theprodud of anumber and 6: x& or 6x (butnot x6)

€) Thequoient of anumber and5: x O5

f)  Thequoient of 20 and a number: 200x

g) Thesguaeof anunber: x2 h) Thesquaerootof anumber: \Vx
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Exercise 6: Trandate each English expressioninto an Algebraic expression. Use any variable of
your liking to represent the unknown number.

a) Theprodud of 5 andanumber: b) Thequotient of anumber and 4:
C) Thedifference of 6 and anumber: d) Thesumof 11 andanunbe:
€) Thesquae of anunber: f)  Thedifference of anumber and 9:

0) Thesguae rootof anumbe:

Back to Top

TRANSLATIONSAND THE MAIN OPERATION

Sometimes an algebraic phrase or expression has more than oneopeaationinit. When this happens
in English it could beallittle confusng as to how the opeaationsshould bewritten in algebra. Theeis,
however, onekey element within the expression that allows usto bevery consstent in our trandation
from English to Algebra, and tha is the notion of the main opeation. Recall that themain operation
(from Section 1.6) isthat opeationthat is applied lag according to theorder of opeaations

For example, theagebraic expression 2x + 5 has both multiplication (a produd) and addition (a
sum). Would it beappropriateto call 2x+5 aprodud or asum?

Since addition has alower rank than multiplication, it is applied last; hence, additionisthemain
opeaation. Thismeanstha theexpresson 2x+ 5 isasum, referringto its main opeation:

2xX + 5isthesumof theterms 2x and 5.

If we had adightly different expression,say 2(x + 5), then we till have both multiplication and
additioninit. However, thistime addition has ahighe rank because it isin thegrouping symbols and
mug be applied first.

Therefore, multiplication isthemain opaation because it is applied last. This meanstha the
expresson 2(x +5) isaprodud:

2(x + 5) istheprodud of thefactors 2 and x +5.
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Example 7: |dentify theexpression by its main opeaation, then write (in English) its meaning.
Expression Main operation in English
a x2P3 subtraction thedifference of x2 and 3
b) Vx+2 radical thesquaerootof x+ 2
0 VYx +2 addition thesumof Yx and 2
d) (200x)4 exponeant thefourth power of 200Ox
e 200x4 division thequoientof 20 and x4
Exercise 7: |dentify theexpression by its main opeaation, then write (in English) its meaning.
Expression Main operation in English
a 10 + x2
b) 25Bx
) x204
d 64 bx
e (x+1p
fy x D8

Each of the expressionsin Example 7 and Exercise 7 have two opeaations themain opeation and a
Gub-opaatiionO For example, intheexpresson 4x D3, themain opaationissubtracion, so this
expressionisadifference. However, within this expressionisasub-opeation, multiplication, asin the
produd of 4 and x, or astheprodud of 4 and anumber. We mighteven call this a Gub-expressionO
within thelarger expression.

In trandating to an English form, we could show any sub-expression in parentheses.

_ For example, oncewe recognize themain operation of 4x B3 as subtraction, we can writetha it is
Qhedifference of (4x) and 3.0 Thepurpose of thisisto recognize another trandation within the
expression.
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By itself, 4x is Qheprodud of 4 and a number,O so putting thewhole expression into words, 4x D
3 becomes . )
O'hedifference of theprodud of 4 andanunber and3.0

Noticetha »  theGub-expressionChas been undelined. This hdpsusdistinguish between the
two times tha theword @ndCappears in the expression;

themain opeaationiswritten first, difference;
the sub-expression always beginswith the word representing the sub- opeaation;

thefour basic opeationsrequires theword @ndObut opeationslike Gquae,0
(powerO and Gquae rootOdo not

Let@ putthisinto practice.

Example 8: In each English expression, puta|box| aroundthe main opeaation (always written
first) andthe[and] to which it applies (if any); also, underlinethewhole sub-
expression. Write the expresson@meaning in algebra. (If two @GndQeppesr, then
oneisforthemain opeaation andtheother isfor the sub-opeation.)

English Expression in Algebra
@ The[sum| of theprodud of 2 and anunber [and] 5. 2x+5
b) the|difference| of 2|and| thesum of anunmber and5. 2Db(x +5)
c) the[produd] of 3[and] thesquae of anumbe. 3x2
d) the[squaeroof of thesum of anunmber and 2. \Vx+2
e) the[sum| of thesguae rootof anunmber [and] 2. \Vx +2
f) the of thequoient of 20 and a nunmber. (20 Ox)4
g) the of 20 thedifference of anumber and8. 200(x D8)
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‘Exercise 8: In each English expression, puta[box| aroundthe main opeation (always written
first) andthe[and] to which it applies (if any); also, uncerlinethe sub-expression,
then write its meaning in algebra.

English Expression in Algebra
a Thequoient of thesum of 5 andanumber and 6.
b) Theprodud of 6 and thedifference of 4 and a number.
¢) Thesumof 8 andtheproduct of 5 and a number.
d) Thedifference of 10 and theprodud of 9 and a numbe.
e) Thesumof 10 andthesquae of anunbe.
f)  Thesquaerootof theprodud of 25 and anunber.
g) Thequoient of thesquae of anunbe and 4.
h)  Thefifth power of thesum of anumbe and 1.
i)  Thedifference of the squae root of a number and 8.
})  Thedifference of 9 and thesum of a nunber and 4.

Definitions of Algebra

page1.8 - 11



Answersto each Exercise

|Section 1.8
Exercise 1: a 7419 b) 20b11 c) 64
d 1503 e 8+ 12 ) V9
Exercise 2: a) thequotentof 24and6 b) thedifference of 25and 9
c) theseventh power of 5. d) theprodud of 3and 16
d) thesumof 14and20 f)  thesguaerootof 49.
Exercise 3: a 6+15=21 b) -8b(-6)=-2 c) 3al2= 36
d -3204-=-8 e (-7)2 =49
Exercise 4: a (-6b7=-13 b) 2a(-5)419 = -190
1
c) 7 &l2a9 = 6a9 = 54 d) (2+6)2 = (82 =64
26+4 30
e) 36\(-2)232'5 fy 23P(-100 =8+ 10 =18
Exercise 5: ad 34 + 7485 =15+35=50 b) (-6)22 + 54-6) =36+(-30 =6

©) (-4)49+54(-4) = -36+(-20) = - 56
d) 100 + 100406) = 100 + 6 = 106

Exercise 6: a 5& or 5x b) xO4 c) 6Dx d 11+x
e x2 fy xb9 g9 Vx
Exercise 7: a) addition; thesum of 10 and x2

b) radicd; thesquaerootof 25 D x

c) divison; thequdient of x2 and 4

d) multiplication; theprodud of 6 and (4 Bx)
e) exponat; thefifth power of (x +1)

f)  subtaction; thedifferenceof \x and 8

Exercise 8: a 5+ x) 06 b) 64&4 bx) c) 8+ 5&
d) 10 D 9k e 10 + x2 f) v 25ax
g x204 h) (x+1)° ) x b8

) 9D+ 4

Back to Top
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Section 1.8 Focus Exercises

1. Abbreviate each expression with familiar symbols. Youdonotneed to evaluae these.

a) Thedifference of fourteen and two. b) Thesquaerootof sixteen.
¢) Thesum of fifteen and ten. d) Thethird power of five.
e) Theprodud of eleven andeight f)  Thequotent of twelve andfour.

2. Write each abbreviation in English.

a 9420
b) V64
0 16b4
d 1803
e 3P

fy 8+ 10

3. Trandate each English expressioninto an Algebraic expression. Use any variable of your liking to
represent the unknown number.

a Theprodud of - 3 andanunbe:

b) Thequoient of anumber and 7:

¢) Thedifference of - 9 and anumber:
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d) Thesumof - 10 andanunber:

e) Thesquae of anunber:

f)  Thedifference of anumbe and - 8;

4.  Subditute thevariable with thereplacement valuegiven, then evaluae theresult.

a ybk replace y with -4 and k with (- 2):

b) -3mh replace m with -5 and h with - 6:
y+6 . .
C) 7Kk replace y with -42 and k with - 2:

d) b2+x replace b with -3 and x with - 10:

e y2 b5y replace y with - 2:

fy w& + 6w replace w with -3 and v with 5:

5. Identify theexpression by its main opaation, then write (in English) its meaning.

Expression Main operation in English
a x2+6
by VxD5
c) (3&x)?
d 6(x + 8
e 10 bVx

6. Ineach English expression, puta|box| aroundthe main opeaation (always written first) and the

to which it applies (if any); also, undelinethesub-expression, then writeits meaningin
algebra.
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English Expression in Algebra

a) Thequoient of thesgquae of anumbe and 4.

b) Theprodud of 6 and thesum of anumbe and 2.

¢) Thesumof 3 andthequoient of anunber and 6.

d) Thedifference of 5 and theprodud of anunber and 9.

e) Thedifference of thesquae rootof a number and 9.

f)  Thesquae of thesum of anumbe and 6.

Back to Top
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