Section 2.6 Solving Linear Inequalities

INTRODUCTION

Solving an inequdity is much like solving an equdion; there are, though some special
circumstances of which you need to be aware.

In solving an inequdity it is possible to changethedirection of theinequality sign. This meansthat
it ispossible to change for example, agreater thansignto alessthansign. It doesn@happen
arbitrarily, though and you mug be careful whenever doing so.

SWITCHING SIDES

Aswas demondrated in Section 2.5, we can change thedirection of theinequdity signby
Qwitching sidesQ this meanstha whaever expressionsare on theleft and right sides can be swapped,
exactly asthey areN theright sidde becomes theleft sdeand vice-versa

Agan, if youchoo® to do this, you mug changethedirection of theinequdity sign. Thisrulelooks
like this:

If A<B if C! D

then B>A then D" C

Example 1: Switch sides and changethedirection of theinequality sign; do not solve.
a 4<x+3 b) yb5! 2y 0 6bx" 2x+ 3
Answer: Do not changethe vaueof either side, jus changeon which side each expressionis. Also,

changethedirection of theinequdity sign. (Theinequdity signsare bold and alittle
bigge to emphasize thechange)

a x+3>4 b) 2y =y b5 ) 2x+3=6Dx
Exercise 1: Switch sides and changethedirection of theinequality sign; do not solve.
a 7! Xx b) 6<w c0 -8>y
d 9>x+5 e -4"dbs8 fy 3x! 5xb2
g 1bDb3x<4x+8 h) 2x+ 3>6 b 4x i) 5Bb3p" 2pbH10
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MULTIPLYING BY -1

We can also changethedirection of theinequdity sign by multiplying each sdeby -1. Thisis
useful when thenext to last step is, for example, -x " 5. Inthis case, we need only multiply each side
by -1andN at thesame timeN changethedirection of theinequality sign. It looklike this:

-x " 5
x I -5

Actudly, you can multiply each sideof theinequdity by -1 at any timein the problem solving
process; jud besuretha, if youdo, you also changethedirection of theinequdity sign.

Multiplyingby - 1 isthesame as taking theoppasite of something. In
this case, when we multiply each side of theineguality by - 1 wege:

» theopposte of theentireleft sde
» theopposte of theentirerightside
» theopposte direction of theinegudity sign.

In this example, multiplying each sideby -1 shows up as changing thesign of each andevery term,
and changing thedirection of theinequdity signfrom greater thanto lessthan

8b2x>x+5
-8+ 2x<-xb5

Example 2: Multiply each sideby -1 and changethedirection of theinequdity sign; do notsolve.

a -x<-4 b) 6bw" 3 c) 5Pb3y< 2y+1
Answer: Multiplyingby - 1 isthesame astaking theoppdite of everything: the opposte of
every term on each side and theopposte direction of theinequdity sign.
a x>4 b) -6+w=-3 0 -5+3y>-2ybl
Exercise 2: Multiply each sideby -1 and changethedirection of theinequdity sign; do not
solve.
a -c! 6 b) -w<-1 c) 10 > -5x
d -8" -4m e -x+3>9 fy -7by! -3y+4
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To further illugrate the nation of how multiplying by a negaive number changes the direction of the
inequdity sign, here are two diagrams showing what happenswhen inequdities are multiplied by -1.

Example A: Thisfirst diagram shows the effects of multiplyingeach sdeof 2 < 5 by -1. Of
course, after daing so, the numbers are both negaive, butthe mog important thing to
recognize isthechangein theinequdity sign: -2 > -5.

Why did this changetake place? It all centers around zero (0) and theideatha, O'he
bigge they are the harder they fall.O

Example B: Herewe start with 5> -2. Onesideispostive and the other isnegative. After
multiplying each side by -1, they come outasther oppostes, on opposte sides from
where they started. And, since no matter the numbers,

every postive > every negdive So, 5> -2
every negdive < every postive. but -5< +2
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SOLVING AN INEQUALITY: THE GUIDELINES

Thegenea guiddinesfor solvinglinear inequdities are shown bdow. Notice tha, with little
exception, these guiddines are virtudly the same as those used to solve linear equaions

Solving Linear Inequalities: The Ultimate Guidelines
The Preparation:
1. Eliminae any parentheses by distributing. (Be careful to look for negaive multipliers.)
2. Clear any fractionsor decimals by multiplying each side by the equaion@ LCD.
3. Combinelike terms oneach individud side
Isolating the Variable:
4. If thereismorethan onevariable term, get them together onthesame side
5. If thecoeficientisnegaive, multiply each sideby - 1 and changethedirection of the
inequdity sign.
6. Clear theopeaations start with themain opeaation.
7. If necessary, Gwitch sidesOso tha thevariable term is onthe left. (Don®forget to
changethedirection of theinequdity sign.)
8. Graphthesolution onthenumbe line

Here® apartial example usng Guidelines 4 and 5:

If you are asked to solve theinequdity 2+ 3x < 5x b8
andif youadd - 5x to each side (Guideline 4): -5x I - 5%
then, since thevariableterm, - 2x, isnow negative, we 2b2x < -8
can multiply each sideby -1 and changethe
direction of theinequdity sign (Guideline 5): -2+2x > 8
andso on.... (nowisolate thevariable)

Here® apartial example usng Guidelines 4 and 7:

If you are asked to solve theinequdity 2+ 3x < 5x b8
andif youadd - 3x to each side (Guideline 4): -3x ! - 3x
then, sincethevariableterm isontherightside, 2 < 2xb8
we can switch sides and changethedirection
of theinequdity sign (Guideline 7): 2xb8 > 2
andso on.... (nowisolate thevariable)

By theway, in ugng either of these methods theanswer isthesame: x > 5.
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Let@ putthe guiddines into practice.

Example 3: Solve each of these inequdities. Be sureto write the solution with thevariable on the
left and draw its graph ona nunber line

a 3xb5<x+3 b) 17 " 5w + 2

Answer: Use only those guiddines, above that are necessary. Be careful at theend; youmay or
may not need to changethedirection of theinequdity.

a) 3xb5< x+ 3 Get thevariable terms togeher adding - x
- X I -X to each side
2xb5< 3 Get the condant termstogether by adding
(Thelittlearrows (! ) help +5! +5 +5 toeach sde
to separate the two sides.) 2x < 8 Thecoeficientis postive. Great!
2X 8
> < 7 Dividingeach sideby 2 andx is
X < 4 aready ontheleft side

Now graphthesolution. Theinequdity islessthan butisnotequd to, so thecircleis

an open circle:
= 0 + I
I
-4 ! $ X
0 4
b) 17" 5w + 2  Only onevariable term, butit@ onthe
5w+ 2! 17 rightsde we can switch now (or later).
-2 -2 Now add - 2 to each side
Sw! 15
Sw 15 o .
5 ! T Dividing each sideby 5.
w! 3 Thisleavesuswith w ontheleft side

jud like we want it
Now graphthesolution. Theinequdity is greater thanor equalto, so thecircleisa
closd (solid) circle:
-5 + ®
— > w

il 3
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Example 4:

Answer:

a)

b)

Solve each of these inequdities. Be sure to write the solution with thevariable onthe

left and draw its graph onanunber line

a 2y B6) D6y > 16

3
b) -3b0D9! 2bD3

Use only those guiddines, above that are necessary. Be careful at theend; youmay or
may not need to changethedirection of theinequdity.

2y b6) bey > 16
2y bl2 bey > 16

First, clear the parentheses.

Next, combine like terms.

-4y B 12 > 16 Now add + 12 to each side.

+ 121! +12

-4y > 28 The coefficient is negative, so let@
4y < -28 multiply each side by - 1 and change the inequality.
4 _ -28 - .
4 < 7 Divide each sideby 4.
y < -7 Thevariable is already on the left side.
Now graph the solution: - + 2
———t—
7 il
-3bbB9! 2b D% Clear thefraction; multiply each side by 2.
2-3bbD9) ! 242b£)%>
-6bb 18! 4b D3 LetGadd + 6b to each side.
+ 6b | +6b

-18 ! 10b b3 Now add + 3 to each side.

+ 3 ! +3
-15 ! 10b Now divide by 10.

-15 10b

10 ! 10
-3
- | b Now switch sides and graph the solution.

! - ’3
2
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Exercise 3: Solve each of these inequdities. Be sureto write the solution with thevariable on the
left and draw its graph onthe number line provided.

a) Xx+5>9 b) -y +3> 10
i i
0 0

0) -5p < 10 d) -4" vDs8
i i
0 0

€) -8" -4m f) 3! 4 bw
i i
0 0

s)) 3x! 5x D2 h) 5vDb7>3vb3
i i
0 0
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i) 32n D3) < 1+ 4n i) 1D3p" 4p + 2)

1 1 2

K) 24Bbuy +1>u+6 ) Im+3 > 1Db3m

i i

i i

1 3 2

m) 5 bgc " gcbl n) -7DB3y! -2y b4

i i

i i
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0) ~(2xP3) " 4(x D3 D) 6(2xp3) < 8(Sp3x)

0 0
1 1 1 3
q) 7(8y + 5) > 32y D 1) n 5@b D3) D5b! 3(bE)§)
i i
0 0

Solving Linear Inequalities page2.6 - 9



Answers to each Exercise

|Section 2.6/

Exercise 1 a x"7 b) w>6

d x+5<9 e dbs! -4

g) 4x+8 > 1D 3x h) 6D4x < 2x+3
Exercise 2 a c¢c" -6 b) w>1

d 8! 4m e xb3<-9
Exercise 3 (Thegraphsare not shown.)

a x>4 b) y<-7

d v! 4 e m" 2

g x"1 h)y v>2

) p! -1 kl u<1

3
m c! 3 n y"-15
7
p) x<2 Q y>-7

Solving Linear Inequalities

f)
)

f)

y <-8
5xb2 " 3x
2pb10! 5B3p

-10 < 5x
7+y" 3yb4

x
Nl Nl
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Section 2.6 Focus Exercises

1.  Switch sides and changethedirection of theineguality sign; do not solve.

a -3<x b) 6! yb3$8

c)

5Db4dm > 2m b 3

2.  Multiply each side by -1 and changethedirection of theinequdity sign; do not solve.

) -w<9 b) -x! -3

d -15> -3y e -2p+7"

-9

c)

f)

12 " - 4x

7Tbk< -4kb8

3. Solveeach of these inequdities. Be sureto write the solution with thevariable on theleft and

draw its graph on the number line provided.

a) yb3! 2
i
0
C) -3m > -6
i
0
€) 10 > -5p

Solving Linear Inequalities

b) x4+ 1" -7
i
0

d) ~10<c D6
i
0

f) 6" 2Dx
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4. Solve each of these inequdities. Be sureto write the solution with thevariable on theleft and

draw its graph on the number line provided.

a 4x<3xb6 b) xbB6" 2x+ 5

c -2(¢yb3) ! 1+ 3y d 11b4x>3x b1l

= —+
=
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