Section 5.2 Factoring Polynomials:
The Greatest Common Factor

To this point in your youngalgebra career, you have added, subtracted, multiplied and divided
polynomials (by amonamia), thefour basic opaations Thereis, however, onemore important aspect
to polynomals: Factoring.

Factoring polynomialsis related to both multiplication and division of polynomials, asyou® seein
throughoutthis chgpter. Before we begin, though,it@important to review some of the definitions
related to factoring and multiplication.

FACTORS IMPLY MULTIPLICATION

First, aproduct istwo things
(i) A produd istheresult of multiplying two (or more) terms togeher.
Astheresult of multiplication, theprodud of 345 is15. 15istheresult of
multiplying 3 and 5 togeher. We could say tha multiplying 3 and 5
together produces 15.
(i) A produd is also thewritten form of multiplication.
15,intheform of aprodud, can bewrittenas 3 &5. In othe words 385
isthewritten form of the multiplication tha produces 15.
Second, when aprodud iswritten intheform of multiplication, we say tha theterm (or value) is
in a factored form. For example, 345 isafactored formof 15.
Third, ““to factor” meansto write an expressionin a factored form, asthe product of two (or
more) factors.
Example 1: Factor each term. (Write these termsin afactored form.)
a 35 b) 7x c) 15x d) 6x2
Procedure: There arealot of options All of these are acceptable.
a) 35 =5a7 C) 15x = 154x d) 6x2 = 6ax?
and = 1435 and = 345x and = 342x2
and = 54a3x and = 243x2
b) 7X = 7ax and = 345ax and = 2x a3x
and = x &7 and = 243 ax ax
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Exercise 1: Factor each term. Find as many ways as possible to write each term in a factored
form.

a 30 b) 8y 0 12% d) 103

THE GREATEST COMMON FACTOR

Finding the monamial factor that is common to each term is the same as finding the Greatest

Common Factor (GCF). In Section 0.5 is atechniquefor finding the GCF for two nunmbers and for three
numbers, called thedivison method

Hereisareminde:

Example 2: Use the division methodto find the GCF of

a 28and42
Set up thedivison method: 28 42

2 isacommon factor =» 2| 28 42

7 isacommon factor =» 7 14 21
and there are no other common factors =» 2 3

So, the GCF of 28and 42 is 27 = 14
b) 18 24and60

Set up thedivision method: | 18 24 60

2 isacommon factor =» 2| 18 24 60

3isacommonfactor = 3] 9 12 30
and there are no other common factors =» 3 4 10

So, theGCF of 18,24and60 is 2:3 = 6

Factoring Polynomials, The GCF page5.2 - 2



We can do the same with terms tha have variables within them.

Example 3: Use the division methodto find the GCF of

a  28x2and42x

Set up thedivision method: 28x2  42x L R ph ot Ao
. 2 Thisiswhat your
2 isacommon factor = 2| 28x¢ 42X € ok will look like.

7 isacommon factor = 7| 14x2 21x I I
X isacommon factor = x| 2x2  3x I

and there are no other common factors =» 2X 3 €«
S0, the GCF of 28x2 and 42x is 2-7-x = 14x

b) 18x4, 24x3 and 60x2

Set up thedivision method: | 18 243 60X
2 isacommon factor & 2| 184 243 60X
3isacommon factor & 3 ox4 123 30%
X is acommon factor & x| 3x4  4x3 10x2
again, x isacommon factor 9 x| 33 4x2  10x
and there are no other common factors =» 32 4x 10

S0, the GCF of 18x4, 24x3 and 60X2 is 2-3-x'x = 6x2

c) 9x2y, 12xyand 6y2

Set up thedivision method: | ox2y 12xy 6y2
3 isacommon factor & 3| 9x%y 12xy 6y2
y isacommon factor 2 y| 32y 4xy 2y2
and there are no other common factors = 3x2  4x 2y

So, the GCF of 9x2y, 12xy and 6y2 is 3-y = 3y
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Exercise 2 Usethedivison methodto find the GCF of

a) 12x2 and 40x b) 25x* and 15x3

C) 21y2w and 14yw? d) 18x%y3 and 45xy2

e) 6x3, 14x2 and 10x f)  7x°, 12x3 and 8x

g) 24xy3, 16xy2 and 40x2y h) 30&b3, 452b2 and 15

Finding the GCF of two or more terms requires tha we find the GCF of thenumbers (the
coefficients and the condant) separately fromthevariables. Of course, it@ best if you can QGeelthe B
GCF withouthaving to gothroughall of thework of the divison method, but it also nice to know it
available.

For example, in theterms 15x3 and 35x youshould be able to see acommonfactor of 5 (from
the15and 35 andacommonfactor of x (from x3 and x), thereby making the GCF 5x.

Notice that the common variable factoris x andnot x3. Tha is because, even though 15x3 has
three factors of X, 35x has only onefactor of x, so they can have only onefactor of x in common.
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Example 4: |dentify the GCF of the given terms by identifyingit first for the numbers and then
for thevariables. Be sure to write the GCF induding all common factors.

a) 28x2and21x b) 36x3and12x*
(i) between 28 and21,theGCFis7 (i) between 36 and12,the GCF is12
(i) beween x2 and x, the GCF isx (ii) between x3 and x4, the GCF isx3
So, the GCF is 7x So, the GCF is 12x3

c) 15x% 12x2 and33»0 d) 20x2y3, 60x3y2 and 10x%y
(i) between 15,12 and 33,theGCFis3 (i) between 20,60and10,the GCFis10
(i) between x4, x2 and x>, the GCF isx2 (i) between x2, x3 and x4, the GCF isx2
So, the GCF is 3x2 (iii) between y3,y2 andy, theGCF isy

So, the GCF is 10x2y

Exercise 3 |dentify the GCF of the given terms by identifyingit first for the numbers and then
for thevariables. (Youdonotneed to showal thework shown in Example 4.)

a) 16x2 and 40x b) 25m* and 15m3
¢) 30&2 and 20 d) 10x3y3 and 21x8y2
e) 14x2, 21x3 and 35x f)  36p* 242 and 60p3
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DISTRIBUTING FACTORS TO PRODUCE PRODUCTS

You are aready familiar with thedistributive property. For example, we can rewrite the
expression

3x42x + 5) as 6x2+15x

... by distributing theterm 3x through

to each term in thebinomid ..................... 3x42x + 5)
= 3x&x + 3x&
= 6x2+15x

Exercise 4 Distribute the term throughthe polynomial.
a) 7(5x2 + 6) b) 4y(3y2 D 2y)
C) - 2x2(3x3 D 5X) d) 3y2(5y2 D6y + 1)

FACTORING OUT A COMMON FACTOR

Look back at thedistribution example aboveExercise 4: 3x42x + 5)
Ix&x + 3x&
= 6x2+15x

In this sense, 6x2 + 15x isaprodud (theprodud of multiplying two factors together) and the
fadorsare 3x and (2x+5). Wecansee 6x2+ 15x asa produd whenitiswrittenin itsfactored
formas 3x42x + 5).

Infact, 6x2+ 15x isalso thesum (addition) of two smaller produds:
6x2 camefrom 3x&x and 15x camefrom 3x&

Two factorsof 6x2 are 3x and 2x. Two factorsof 15x are 3x and 5.

Notice tha thetwo smaller produds each have afactor of 3x. Inthiscase, wecancal 3xa
common factor. Furthemore, since 3xisamonamial, we can call 3x acommon monomial factor.

Weadsocal 3x the GCFN Greatest Common Factor.
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When we have a polynoma with two or more terms (abinomial, trinomia or larger polynomial)
then we can factor it by looking for the GCF of all of theterms. For example, if thepolynomial is

12x3 + 6x2 + 18x

We could rewrite the origind polynomial, 123 + 6x2 + 18x
as 6x&2x2 + 6xX + 6x8
This suggests tha 6x was distributed into the polynomal 2X2 + X + 3.
Thedistributionlooked something like this: 6x(2x2 + X + 3)
So, we have foundthat 12x3 + 6x2 + 18x

= BX(2x2 + X + 3)

In this way, QFactori ngNOutOi sthe same as Reverse Distribution. When we seek to factor outthe
common monomnial, we areN in asenseN thinking, QVha term mus have been distributed through©

Example 5: Factor outacommon monamial from each of these polynomals. (Check your answer
by distributing throughto make sure you get the origind polynomal.)
Also, write outwha thefactors are.

a 3x+21 b) 4y3 b 15y
Procedure: THINK! Look at theterms and think aboutwha common factors they have.
a) Eachterm hasafactor of 3: 3x + 21
1t not necessary to write thisstep = = 3& + 3&
= 3x +7)
So, thefactorsof 3x + 21 are 3 and (x+ 7).
b) Thoughthefirst term has three factors of y, only onefactor of y is 4y3 P 15y
commonto both terms. When factored, thefirst term is left with 4y2: = y(4y2 D 15

So, thefactorsof 4y3 D 15y are y and (4y2 -15).

When factoring out the common monomial factor,
you can check yourwork by re-distributing.
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If thereis no GCF tha can befactored out, then we say tha the polynomial isprime. In tha case,
theonly commonfactoris 1.

Example 6: Factor outthe greatest common factor from each of these polynomials. Also, write

outwha thefactors are.
a 6x2 + 33x b) 153 + 8y2 0 14/ D7y d) 12 D 8x3 + 4x2
Procedure: THINK! Look at theterms and think aboutwhat common factors they have.
Remember, you can check your answer by distributing the term on through.
a) Eachterm hasafactor of 3x: 6x2 + 33x
= 3x(2x+ 11
S0, thefactorsof 3x + 21 are 3x and 2x + 11). (Check this result by re-distributing.)
b) Theseterms have nothingin common, so this padynomial is 15x3 + 8y?
notfactorable; itis prime . If nothingelse, we can factor outjud 1: = 1(15%3 + 8y2)
So, thefactors of 15x3 + 8y2 are 1 and (15x3 + 8y?2).
¢) Eachterm hasafactor of 7y: 1444 B 7y
Thesecondtermisaso 7y, but we can think of it as 7y a1.: = 7y&y3D7yd
= 7y(2y3D1)
d) Eachterm has afactor of 4 and two factors of x: 12X D 8x3 + 4x2
so thecommon factor is 4x2: = 4x28x2 DAx2&x + 4x24

Factoring out 4x2 from each term. 4x2(3x2 B 2x + 1)

So, thefactors of 12x4 D8x3 + 4x2 are 4x2 and (3x2 — 2x + 1). (Check this result.)

DIVISION AND FACTORING: (You may wish to use thistechnique)

We knowtha 5 isafactor of 155,butwe don®know wha the other factor is, we can use

155
divisontofindit: =5~ = 31 Thistellsustha 155 factorsinto 5a31

Likewise, if we knowtha 6x isafactorof 12x3 + 6x2 + 18x butwe don®knowwha

: o 123+ 6x2+18x
the other factor is, we can use divisionto findit: BX

From our work in Section 5.1, we know that this division can be split up into three fractions

123 6x2 18X
6x t 6x * Bx = 2% + x + 3. " Thistrinomal istheother factor.

Thismeanstha 123 + 6x2 + 18x = 6XA&(2x2 + x + 3).
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Exercise 5 Factor outacommon monamial from each of these polynomals. (Check your answer
by distributing throughto make sure you get the origind polynomal.)

| Also, write outwha thefactors are.|

a 8y + 10 b) 9¢2 b 20c

Thefactors are and Thefactors are and
c) 10w2 b 15w d) 6a+ 2517

Thefactors are and Thefactors are and
e 21x3y D 3xy? f) 18X + 24x3
Thefactors are and Thefactors are and
g) 12x D203 + 4x2 h) 4y5 D8y2 b 15
Thefactors are and Thefactors are and
i) 4x3y + 9x2y2 P xy3 j) 14b3c3 b 35kc2 B 7bc
Thefactors are and Thefactors are and
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DESCENDING ORDER AND A NEGATIVE LEAD TERM

In mog of mathematics, writing expressionsin some sort of standard form makes them easier to
undestand. With polynomialsthe standard form is descending order. When apolynomal isin
descending order, thefirst termis called thelead term; thecodficient of thelead termis called the
leading coefficient.

Example 7: Write each polynomal in descending order and identify thelead term and theleading
cogficient.
a x2+ 2x4 b5x3 by 6y + 3 D7y2
Descending Leading
Polynomial Order Lead Term Coefficient
a | x2+ 2x4 b5x3 2x4 B 5x3 + x2 2x4 2
b) 6y + 3 D 7y2 -7y2 + 6y + 3 - 7y2 -7
Exercise 6 Write each polynomaal in descending order and identify thelead term and theleading
cogficient.
Descending Leading
Polynomial Order Lead Term Coefficient
a) -2x2 + 6x3
b) 9y D 4y?
) -9¢8 b 2c + 5¢°
d) 5D8y Dy3 + 4y2

1t@ okay to have theleading coefficient bea negative number. However, when factoring, the
standad isto factor outa -1 if theleading codficientisnegaive.

Factoringout -1 isjud like multiplyingby -1; in both cases the sign of the each term changes:

postive terms become negative and negative terms become postive.
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Example 8: Factor. Ineach, theleading coefficientis negaive, so be sureto factor out -1 along
with any other monomal factors.
a) -5x3 BDx2 + 2 b) -8x3 + 6x2 D 4x
These terms have nothing in common, These terms have a common factor
but since the leading coeficient is negdive of 2x; also, since theleading coeficient
we mug factor out - 1. is negaive, we should factor out - 2x.
= -156x3 + x2 D 2) = -2X(4x2 B 3x + 2)

Notice tha in each of these, when factoring out the negaive, theindividud signsof the
termsin thepdynomal changed from postive to negative or from negaive to postive.

Example 9: Write each in descending order, then factor. In each, if theleading codficientis
negative, besure to factor out -1 alongwith any other monomial factors.

a) 10y3 D 25y4 b) -15x2 B 3x + 9x3
= -25y4 + 103 = 9x3 P 15%2 D 3x
= -5y3(5y b 2) = 3x(3x2 BD5x B 1)
Thefactorsare - 5y3 and (5y D 2). Thefactorsare 3x and (3x2 B 5x D 1).
Exercise 7 Write each in descending order, then factor. In each, if theleading codficientis

negative, besure to factor out -1 alongwith any other monomial factors.

a 12x b 6x2 b) -8y2 D20y

o -21& + 35¢4 d) 18 D27w2
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Exercise 8 Write each in descending order, then factor. In each, if theleading codficientis
negative, besure to factor out -1 alongwith any other monomial factors.

a -8+ 2a b) 4y D 5y3

) 6x D8x2 + 12x3 d) 902 b 24b3 b 30b

e -5D10& + 25a f) -16y2 + 8y D 24y3
g) 18x2 b 6x4 + 123 h) 45w* D 15wW2 + 30wP
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Answers to each Exercise

|Section 5.2
Exercise 1: a 14&30 b) 148y c) 12ax2 d) 10ax3
2415 8 ay 4 43x2 5 a2x3
3410 4 &2y 2X 46X 2x2 45X
5 a6 2 ady andthere are others.....
Exercise 2: a 4x b) 5x3 c) Tyw d) 9xy?
e 2X f) X g) 8xy h) 15&
Exercise 3: a 8x b) 5m3 c) 10a d) x3y2
e 7x f)y 122
Exercise 4: a 35x2 + 42 b) 12y3 P 8y2
C) -6x°+ 10x3 d) 15y* D 18y8 + 3y?2
Exercise 5: a 2@y + 5 Thefactorsare 2 and (4y +5)
b) ¢(9c b 20) Thefactorsare ¢ and (9¢D20)
c) 5S5w(w b 3) Thefactorsare 5w and (2wbD3)

d) 1(6a + 25K%) or 6a+ 2507 Thefactorsare 1 and (6a+ 2517
e 3xy(7x2 by) Thefactorsare 3xy and (7x2Dy)
f)  6x3(3x2 + 4) Thefactorsare 6x3  and (3x2 + 4)

g) 4x%(3x2 b5x + 1) Thefactorsare 4x2 and (3x2D5x+ 1)

h) 1(4y> BD8y2 b15 orjug 4y D8y2 B 15
Thefactorsare 1 and (4y® D8y2D15)

i) xy(4x2 + 9xy BDy?  Thefactorsare xy and (4x2+9xybDy?)

i) 7bq2b?c2 B5bc D 1) Thefactorsare 7bc and (2b%c2 B5bcb1l)
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Exercise 6:

Descending Leading
Polynomial Order Lead Term Coefficient
a) -2x2 + 6x3 6x3 D 2x2 6x3 6
b) 9y D 4y2 -4y2 + Qy - 4y2 -4
C) -9c3 P 2¢c + 5¢° 5¢® P9c3 D 2¢ 5¢° 5
d) 5D8y Dy3 + 4y2 | -y3 + 4y2 P8y+5 ~y3 -1
Exercise 7: a -6x(x b2) b) -4y2(5y3 + 2)
0 7R(52 P 3 d) -9G3w2 b 2)
Exercise 8: a 2@ b4 b) -y(5y2 D 4)
c) 2x(6x2 B 4x + 3) d) -3b@Bb? B 3b + 10)
e) -502& bb5a+ 1) f) -8y(3y2 + 2y B1)
g) -6x2(x2 D2x b3 h) 15w2(2w3 + 3w2 D 1)
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Section 5.2 Focus Exercises

1. Identify the GCF of the given terms by identifyingit first for the nunbers and then for the

variables.

a 12y2 and 18y

d) 15xy4 and 8x3y2

b)

€)

21m3 and 14n? c) 36ab and 272Db

9x°, 21x* and 15x2 f)  35p, 20p* and 5p?

2.  Factor outacommon monamia from each of these polynomials. (Check your answver by
distributing throughto make sure you get theorigind polynomial.)

| Also, write outwha thefactors are.|

a 6x+9

Thefactors are and

c) 16wS b 8w2

b) 5y2 b 15y

d) 158 D 21d

e 30wl + 20w3

f)  14x2y D 7xy?

g) 6x3 b 15x2 + 9x

h) 8y + 8y2 P 8y

i) 9x%y2 D 12x3y3 D 16xy

i) 44ifct P 333c2 D 22b2
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3.  If necessary, write each in descending order, then factor. (In each, if theleading codficientis
negative, besure to factor out -1 alongwith any other monomal factors.)

a) 153 b 6x2 b) -4y* b 20y

Q) -143 + 496 d) 9 P18R

e -12 + 3y f)  15x B 10%

g -43 + 6x2 B 2x h) 102 D 20ab 308
) -6+ 182 D 24x i) -5y D10y + 20y
kKl 9x D123 b8 ) 327 + 4003 B 16k*
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