Section 5.4 Factoring Trinomials, a > 1
INTRODUCTION
Another important feature of algebrais factoringtrinomals. Some examples of trinomials tha can
befactored are:
a 2x2+ 7x+6 b) 3x2 B20x + 12
) 6x2+7xD5 d x2b5xb24

(Each of these trinomiads is of theform ax? + bx + c.
Wedl bereferring to thisform throughoutthis section.)

If youlook closdly at each of those trinomials, youd notice that noneof them have acommon
monomia factor that we can factor out, asthose foundin Section5.2. Andyet, each of those trinomals
can bewritten as aprodud of two binomials.

Here is each onewritten in afactored form:

a 2x2+ 7x+6 (x + 2)(2x + 3)

b) 3x2 B20x + 12 (3x B 2)(x B 6)

) 6x2+7xD5 (2x D 1)(3x + 5)

d x2b5xb24 (x + 3)(x B 8)

How dowe knowtha those trinomals factor tha way? How can we test to see if wha isshownis
the correct factoring?

We simply need to multiply thebinomia s togeher, uang the FOIL method to see tha thefactoring
isaccurate. Lookbdow; each binomia produd is shown multiplied out. Theonly thing left to doisto

combinethelike terms. (Each middle termN onthe left sideN is undelined just as thetwo like termsN
ontheright sdeN are undelined.)

Trinomial Factored Form TheProdud TheFOIL produds
a 22 +7x+ 6= (x+2)(2x+3) becaue (X+2)(2x+3) = 2x2 + 3x + 4x + 6
b) 3x2 D20x + 12 = (3xD2)(x D6) because (3xD2)(xD6) = 3x2 D 18x D 2x + 12
) 6x2+7xD5= (2xP1)(3x+5) becaue (2xP1)(3x+5) = 6x2 + 10xD3x D5

d x2BD5xDP24 = (x+3)(xDP8) becaue (x+3)(xD8) = x2 D8x + 3x b24
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By theway, some trinomials cannotbefactored. If they cannotbefactored, then they are consdered
to beprime. Some examples of prime trinomalsare:

(@ x2+5x+ 30 and (b) x2 D 15x + 24
These will beexplored later.
WHAT ARE FACTORS?

L et@ review what you should know aboutfactoring.

FACTORS IMPLY MULTIPLICATION

Whenever we refer to factors, we arelN either directly or indirectlyN referring to aproduct, a
multiplication.

To condder factors of 15, for example, we think of the nunbers thet multiply to get 15, namely
3and5 (or 1 and15). We®e notlooking for numbers that add to get 15, like 7 and 8.

Yet, doesn®it seem strangewhen we multiply (x + 2)(x + 3)andget  x2 + 5x + 6? Where@
themultiplicationin  x2 + 5x + 6? Why isthere so much additionin x2 + 5x + 62 Isn®tha
suppo=d to bea produd, amultiplication?

Remember that multiplicationis an abbreviation for repested addition; in other words
multiplicationis based on addition, thetwo really are inssparable. Even when multiplying
numbers, like 12x 13, addition playsarole. Look. Hereistheprodud of 12 and 13 writtenin
both afamiliar way and an unusiad way. Notice that addition plays arole in each of them.

The Familiar YWWay An Unusual Way
12 = |0+ 2
®» 13 i ¥ 10+ 3
36 - i+ @
+ 1210 - + 100+ 20
156 = |00 + 50 + 6

Notice tha the produd 156can bewritten outas 100 + 50 + 6, asum (addition). Yet, it@
still the produd of 12 and 13 (meaning 12 and 13 are factors of 156: 156 = 12a13).

Notice this, too. If wetreat 12413 in amore algebraic way, we could writeit as
(10+ 2)(10+ 3), and its product could bewritten as 102 + 540 + 6. Thisisjug like
(x + 2)(x + 3) = x2 + 5x + 6 (wherethex has been replaced by 10).

The description presented aboveis intendel to show you tha many trinomials can befactored into
theprodud of two binomals. We smply need to learn howto doit.
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FACTORING TRINOMIALS AND “FOIL”

The undestanding behind factoring trinomalsis the FOIL methodfor multiplying two binomals.
Take, for example, (3x + 2)(2x +5). In multiplying this out usng the FOIL method,we get thefour
FOIL products:

F Q) I L

6x2 + 15x + 4x + 10

and it@& the middle two terms (the OUTER and INNER produds) tha combineto give the middle term of
thetrinomal:
= 6x2 + 19x + 10

Theprocess for factoring thetrinomial isreally a game of numbers. Look closaly at both themiddle
term of thetrinomal, 19x, andthetwo undelined termsin the FOIL produds, 15x and 4x:

15x + 4x = 19x  and  15x&4x = 60x2
Actudly, it@the numbers that matter most:
15+4=19 and 1544 = 60
113 probebly more obvioushowthe 19 is related, but what is the significance of the 60?

Thinking numbers, 60 happensto betheprodud of thefirst and last terms of thetrinomial (the
produd of thenumbersin F and L in thefour FOIL produds), 6 410 = 60.

Notice tha 60 isfoundasaproduct, 1584 = 60,and /9 isfoundasasum, 15 + 4 = 19. These
two nunmbers, 60 and 79, turn outto betheKey # and the Sum # of The Factor Game, first introduced
in Section 1.5 and later revisited in Section 5.3.

L et@ see how this works.
IDENTIFYING THE KEY AND SUM NUMBERS OF THE FACTOR GAME
In ashort while, wed beapplying the Factor Game to factoring trinomials of theform
ax2 + bx + c.

In order for the Factor Gameto beuseful, a mud beapostiveinteger, while b and ¢ could be
either postive or negdive integers. In other words thetrinomial mightlooklike 5x2 D 4x B 12 In
this case, we would interpret the coefficients and condant to be

a = b, b=-4 and c¢=-12.

We will beusngthese values (a b and c) to develop the Key and Sum numbers for the Factor
Game. It@rather straightforward:

| theKey # =a& andtheSum# =D |
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Example 1: Given thetrinomal, identify the values of the coefficients and the congant (a, b and c)
and use them to identify theKey and Sum nunbers. Also, findthe solutionfor theKey
and Sum # combination.

a=3 Key #= 348) = 24
8 32 Dlax+ 8 b=-14 Sum# = -14
c=8 Thesolutionis-12 and-2
a=5 Key #= 54-12) = -60
b) 5@ D ax b 12 b=-4 Sum# = -4
c=-12 Thesolutionis 6 and- 10

Y ou probebly don® need to write thevalues of a, b and ¢ separately; it& okay to dotha part in your
head. Also, it@ possible that we puttheKey and Sum numberstogeher correctly, butthereisno
solution.

Example 2: Given thetrinomal, identify the Key and Sum numbers. Also, find the solutionfor the
Key and Sum # combindion, if posible.
Key #= 1043) = 30

a 10x2 + 11x + 3 M

Thesolutionis5 and 6

Key #= 64-6) = -36

b) 6x2 +5x D6 Sum#= 5

Thesolutionis9 and-4

Key#= 34-8) = -24

c) 3x2+6xD8 Sum#= 6

Thereisno solution
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Exercise 1:  Given thetrinomal, identify the Key and Sum numbers. Also, find the solutionfor the

Key and Sum # combination.
a) 4x2 + 12x + 5 by 5xXP13x+ 6
Key # = Sum# = Key # = Sum# =
Solutionis Solutionis
C) 102 D3x b4 d) 3x2 + 4x P 4
Key # = Sum# = Key # = Sum# =
Solutionis Solutionis
€) 2x2 + x B 15 fy 6x2Dbxb2
Key # = Sum# = Key # = Sum# =
Solutionis Solutionis
) X2 D5X + 4 hy x2bxb20
Key # = Sum# = Key # = Sum# =
Solutionis Solutionis
i) X2 + 8x + 16 ) 92+ 12x + 4
Key # = Sum# = Key # = Sum# =
Solutionis Solutionis
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PUTTING THE FACTOR GAME TO GOOD USE: FACTOR BY GROUPING

Thewhole point of the Factor Game is to be able to rewrite atrinonial into fourterms. When we
find the solution to the factor game, wha we have foundis away to split thetrinoma @ middle term
into two terms, thereby making it afour-term polynomial.

Consder thetrinomial 8x2 + 10x D 3. Identify the Key and Sum numbers and find the answer to
the Factor Game.

(1) Theset up: 8x2 + 10x B 3 Error!
Thesolutionis +12 and - 2. This meanstha themiddle term, + 10x, can berewritten as + 12x D 2x.
In doing so, thetrinomal is rewritten with four terms:
8x2 + 10x B 3
(2) Writethetrinomial with four terms: = 8x2 + 12xD2x B3

Asafour-term polynomal, we can factor it by usng Factor by Grouping:

(3) Use paenthesesto ge two groupings (8x2 + 12X + (-2x P 3)

Ax2x + 3) + -1(2x + 3)

(4) Factor each individud grouping:

(5) Factor out(2x + 3) from each: (4x B1YQ2x + 3)

So, thefactorsof 8x2 + 10x B 3 are (4x—1) and (2x + 3).

Example 3: Factor each trinoma by usngthe Factor Game to rewrite it as afour-term polynomal.
Then use factor by grouping.

10%2 + 11x + 3 Error!

Here, agan, istheorigind trinomial: 10%2 + 11x + 3

Split themiddleterminto  +5x + 6x: = 10x2 + 5x + 6X + 3
Now show the groupings = (10x2 + 5x) + (6x + 3)

Now factor outthe common monomal factor from each group: 5x(2x + 1) + 3(2x + 1)
Now factor out (2x + 1): = 5x+3)2x + 1)

Of course, this can also bewritten in the other order: = 2x + D(5x + 3)

We can now say that, thefactorsof 10x2 + 11x+ 3 are (5x + 3) and (2x + 1).
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L et see some other examples. There may be more work here (shown beow) than youmight do, or
you might choo to organize your work alittle differently. In any case, please make sure you are clear
in your work so that others can follow wha you®e done

Example 4: Factor each trinoma by usngthe Factor Game to rewrite it as afour-term polynomal.
Then use factor by groupng.

a 6x2+5xPD6 Key #=64&-6) =-36, Sum#=+5. Thesolutionis +9 and -4

Theorigind trinomial: 6x2 + 5x D 6

Split themiddleterminto  +9x D 4x: 6x2 + X D4x D6

Now show the groupings (6x2 + 9x) + (-4x D 6)

3x(2x + 3) + -2(2x + 3)

Now factor outthe common monomal factor from each group:

Bx-2)2x+3)

Now factor out (2x + 3):

We can now say that, thefactorsof 6x2+5xD6 are (3xD2) and (2x + 3).

b) 5x2 D16x + 12 Key#=5412=60 Sum#=-16. Thesolutionis -10 and -6

Theorigind trinomial: 5x2 B 16x + 12

Split themiddleterminto - 10x D 6x: 5x2 P 10x D 6x + 12

(5x2 D 10X) + (-6x+12)

Now show the groupings

5x(x B2) +-6(x b 2)

Now factor outthe common monomal factor from each group:

Now factor out (x D 2): Bx-6)(x-2)

We can now say that, thefactorsof 5x2D16x+ 12 are (5x D6) and (x D2).

Key #=34-8) =-24

Sum#=+6 } Thereisno solution

) 3x2+6xD8

Since there is no solution to the Factor Game, thetrinomal is prime and cannotbefactored.
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Exercise 2 Factor each trinomal by usgngthe Factor Game to rewrite it as afour-term
polynomial. Then use factor by grouping.

ad 42+ 12x+ 5

C) 102 D3x B4

) 2x2 + x B 15

g) X2 D5x + 4
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b)

d)

f)

h)

5x2 P 13x + 6

3x2 + 4x D 4

6x2 Dx b2

X2 + 8x + 16
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Exercise 1: a)

Exercise 2: a)

Factoring Trinomials, a> 1

Answers to each Exercise

|Section 5.4
Key # = +20, Sum# = + 12; solution is +10 and +2
Key # = +30, Sum# = - 13; solution is - 10 and - 3
Key # = -40, Sum# = - 3; solution is +5 and -8
Key# = -12, Sum# = +4; solution is +6 and -2
Key # = - 30, Sum# = +1; solution is +6 and -5
Key# = -12, Sum# = -1, solution is +3 and -4
Key# = +4, Sum# = -5; solution is -4 and -1
Key # = - 20, Sum# = -1, solution is -5 and +4
Key# = +16, Sum# = +8; solution is +4 and +4
Key# = +36, Sum# = +12; solution is +6 and +6
(2x + D)(2x + 5) b) (Gx B3)(x b 2)
(2x + 1)(5x b 4) d @Bxb2x + 2)
2x BbY(x + 3) fy (@x+ )Bx b2
x b4H(x b1l h)y (x + 4 + 4)
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Section 5.4 Focus Exercises

Factor each trinomal by usgngthe Factor Game to rewrite it as afour-term polynomal. Then use factor
by grouping.

1. 4x2 + 11x + 6 2. 22 P9 +9
3. 10% + 9x + 2 4. x2 Pl12x + 36
5. 4x2 + 16x + 7 6. 6x2D17x+ 5
7. 5x2P18x + 9 8. 122 P16x+ 5
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0. 6x2 + 7Xx D5

11. 10x2 + 3x b 4

13. 12x2 D4x B 5

15. x2 Pb9x b 36
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10.

12.

14.

16.

8x2 + 10x b 3

15%2 + 4x B 3

6x2 + 7x B 10

X2 P 4x b 32
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17. x2 + 11x + 36 18. x2 P 12x + 27

19. 4x2 + 12x + 9 20. 3x2 P 11x B 20
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